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tion and self-interation of dark energy from osmi
mirowave bakground
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INAF - Osservatorio Astronomio di Roma,
Via Frasati 33, 00040 Monte Porzio Catone - Italia
It is well-known that even high quality osmi mirowave bakground (CMB) observations are
not suient on their own to determine the equation of state of the dark energy, due to the eet
of the so-alled geometri degeneray at large multipoles and the osmi variane at small ones. In
ontrast, we nd that CMB data an put tight onstraints on another fundamental property of the
dark energy, namely its oupling to dark matter. We ompare the urrent high-resolution CMB data
to models of dark energy haraterized by an inverse power law or exponential potential and by the
oupling to dark matter. We determine the urve of degeneray between the dark energy equation
of state and the dimensionless Hubble parameter h and show that even an independent perfet
determination of h may be insuient to distinguish dark energy from a pure osmologial onstant
with the urrent dataset. On the other hand, we nd that the interation with dark matter is
rmly bounded, regardless of the potential. In terms of the dimensionless ratio β of the dark energy
interation to gravity, we nd β < 0.16 (95% .l.). This implies that the eetive equation of state
between equivalene and traking has been lose to the pure matter equation of state within 1%
and that salar gravity is at least 40 times weaker than tensor gravity. Further, we show that an
experiment limited by osmi variane only, like the Plank mission, an put an upper bound β <
0.05 (95% .l.). This shows that CMB observations have a strong potentiality not only as a test of
osmi kinematis but also as a gravitational probe.
I. INTRODUCTION
Four years after the rst observational hints about the existene of a dominant omponent of unlustered matter
with negative pressure (Riess et al. 1998, Perlmutter et al. 1999), the so-alled dark energy or quintessene (Wetterih
1988; Ratra & Peebles 1988; Frieman et al. 1995; Caldwell et al. 1998), there are still very few indiations as to its
nature. The main reason, perhaps, is that we lak any spei theoretial suggestion on the properties of the dark
energy, i.e. on its self-interation potential and on how it interats with the other osmologial omponents. At this
stage, all we an do is to explore a wide range of phenomenologial models speied by the potential and the oupling
to the other elds in order to provide an overall best t to the urrent data.
Several works have tried to onstrain dark energy models with the reent high resolution CMB data (Nettereld
et al. 2001, Lee et al. 2001, Halverson et al. 2001) leading in some ases to interesting but oniting results. In
Amendola (2001) the oupling dimensionless parameter β that measures the strength of the interation of dark energy
to dark matter with respet to the gravitational interation was onstrained to be smaller than 0.1 roughly, adopting
an exponential potential. The slope of the potential, on the other hand, was found to be essentially unonstrained by
the data. Baigalupi et al. (2002) found that, among power-law potentials V ∼ φ−α and xing the Hubble onstant
to h = 0.65 (in units of 100 km/se/Mp), values of α around unity are favored while the ase of pure osmologial
onstant, α = 0, was less likely by a fator of ve roughly. Corasaniti & Copeland (2001), on the other hand, have
shown that the pure osmologial onstant gives the best t to the data, partiularly for as onerns the position of
the aousti peaks. Bean & Melhiorri (2002) also onlude that the pure osmologial onstant gives the best t to
the CMB data when the prior on the Hubble onstant is broadened to h = 0.72 ± 0.08 . All the papers above, and
the present one, assume a at spatial urvature.
In this paper we extend the previous studies in two respets. First, we aim at onstraining not only the dark energy
self-interation (i.e. its potential) but also its interation with matter. To our knowledge, this is the rst work that
simultaneously onstrain the dark energy potential and oupling. Seond, we put only very weak restritions on the
osmologial parameters h, Ωb,c (the density parameters of baryons and old dark matter, respetively), and ns (the
slope of the salar perturbations). The oniting results above are in fat due mostly to dierent priors.
These generalizations allow us to formulate the main onlusion of the paper: we nd that the present CMB data
are apable to put a strong onstraint on the oupling but not on the salar eld potential or equation of state.
In fat, the degeneray between h and wφ, the dark energy equation of state (Huey et al. 1999) almost erases the
sensitivity of the CMB to the dark energy potential. In sharp ontrast, as it will be shown below, the CMB spetra
are very sensitive to the dark energy oupling, sine the latter determines the equation of state for a long stage after
equivalene and there are no strong degeneraies with the other osmologial parameters.
2II. DARK-DARK COUPLING
Let us onsider two omponents, a salar eld φ and CDM, desribed by the energy-momentum tensors Tµν(φ) and
Tµν(c), respetively. General ovariane requires the onservation of their sum, so that it is possible to onsider an
interation between dark energy and dark matter suh that
T µν(φ);µ = CT(c)φ;ν ,
T µν(c);µ = −CT(c)φ;ν . (1)
(2)
Suh a oupling an be obtained from the onformal transformation of a Brans-Dike gravity (see e.g. Amendola
1999) and it has been onsidered several times in literature starting from Wetterih (1988,1995) and Wands et al.
(1993). It has been disussed in the ontext of dark energy models in Amendola (1999,2000) and in Wands & Holden
(2000), Chimento et al. (2000), Billyard & Coley (2000), Chiba (2001), Albreht et al. (2001), Esposito-Farese &
Polarsky (2001). In its onformally related Brans-Dike form has been studied by Uzan (1999), Chiba (1999), Chen
& Kamionkowsky (1999), Baigalupi et al. (2000), Sen & Sen (2001). Theoretial motivations in superstring models
and in brane osmology have been proposed reently in Gasperini, Piazza & Veneziano (2002) and Pietroni (2002).
In the at onformal FRWmetri ds2 = a2(−dτ2+δijdxidxj) the salar eld and dark matter onservation equations
are
φ¨+ 2Hφ˙+ a2U,φ = Cρca
2, (3)
ρ˙c + 3Hρc = −Cρcφ˙ (4)
(dots refer to onformal time) where H = a˙/a. Suppose now that the potential U(φ) is speied by the following
relation
U ′ = BUN (5)
(the prime refers to derivation with respet to φ) whih inludes power laws, exponential potentials and a pure
osmologial onstant. In the ase of power law potential U = Aφ−α we have
N = (1 + α)/α (6)
and B = −αA(−1/α), while for the exponential potential N = 1. We onsider only the range N ≥ 1 sine for negative
α there are no asymptotially aelerating models; for N →∞ we reover the pure osmologial onstant. Assuming
that the baryons are not diretly oupled to the dark energy (otherwise loal gravity experiment would reveal a fth
fore, see Damour et al. 1990) and that the radiation as well is unoupled (as it ours if the oupling is derived
by a Brans-Dike Lagrangian, see e.g. Amendola 1999), the system of one Einstein equation and four onservation
equations (for radiation, γ, baryons, b, CDM , c, and salar eld) an be onveniently written introduing the following
ve variables that generalize Copeland et al. (1997):
x =
κ
H
φ˙√
6
, y =
κa
H
√
U
3
, z =
κa
H
√
ργ
3
, v =
κa
H
√
ρb
3
, w =
H
a
(7)
where κ2 = 8πG (notie that w = d log a/dt i.e. the usual Hubble onstant). Notie that x2, y2, z2, et. orrespond
to the density parameter of eah omponent. In terms of the independent variable log a we have then the system:
x′ =
(
z′
z
− 1
)
x− µy2Nw2N−2 + β(1 − x2 − y2 − z2 − v2),
y′ = µxy2N−1w2N−2 + y
(
2 +
z′
z
)
,
z′ = −z
2
(
1− 3x2 + 3y2 − z2) ,
v′ = −v
2
(−3x2 + 3y2 − z2)
w′ = −w
2
(
3 + 3x2 − 3y2 + z2) (8)
3where
β = C
√
3
2κ2
, µ = 3Nκ1−2N
B√
6
. (9)
The dimensionless onstant β2 an be seen as the ratio of the dark energy-dark matter interation with respet to
gravity. It an be shown in fat (Damour & Nordtvedt 1993, Wetterih 1995) that the fore ating between dark
matter partiles an be desribed in the Newtonian limit as a renormalized Newton's onstant Gˆ = G(1 + 4β2/3).
The eet of this interation on struture growth is disussed in Amendola & Tohini-Valentini (2002).
III. CRITICAL POINTS AND TRACKING SOLUTIONS
The system (8) inludes several qualitatively dierent behaviors, already disussed in Amendola (2000), Tohini-
Valentini & Amendola (2002). However, for the range of values that are of osmologial interest, the system passes
through three distint phases after equivalene.
φMDE. Immediately after equivalene, the system enters a matter dominated epoh with a non-negligible φ on-
tribution, that we denote φMDE, in whih the dark energy potential density is negligible while the kineti energy
density parameter ΩKφ = x
2
of the salar eld gives a onstant ontribution to the total density. As will be shown in
the following, the existene of suh an epoh is ruial for the onstraints that we will be able to put on the oupling.
Putting y = 0 and negleting radiation and baryons we obtain the simplied system
x′ = −3
2
x
(
1− x2)+ β(1− x2),
y′ = 0. (10)
The point y = 0, x = 2β/3 is a saddle point solution of the system (10) for any N and for |β| < √3/2. The system
stays on the φMDE solution until y starts growing. Along this solution the sale fator expands slower than a pure
MDE, i.e. as
a ∼ t4/(6+4β2). (11)
Sine y = 0 on the φMDE, its existene is independent of the potential, although it has to veried for eah potential
whether it is a saddle.
Traking trajetories. Let us now neglet baryons and radiation and put β = 0. The traking solutions found in
Steinhardt et al. (1999) assume y/x = p and y2N−1w2N−2 = q where p, q are two motion integrals. In the limit
y2, x2 ≪ 1 it is easy to show that p′ = q′ = 0 if
p2 = 4N − 3 (12)
q = − 3p
2µ(2N − 1) (13)
The same traking behavior remains a good approximation for small β. For N = 1 the traking solution beomes
atually a global attrator of the dynamial system, see below. In the other ases, the traking interpolates between
the φMDE and the global attrator.
Global attrators. In the system (8) for N 6= 1 there exists only the attrator x = 0, y = 1 on whih the dark energy
ompletely aounts for the matter ontent. For N = 1 the phase spae is muh riher, and there are several possible
global attrators, only two of whih aelerated (Amendola 2000). One, for µ > (−β +
√
18 + β2)/2 , presents a
onstant non-zero Ωc: this attrator atually oinides with the traking solutions and in fat realizes the ondition
p = 1 and y = −3/(2µ) as requested by Eq. (12) for β = 0. This stationary attrator an be aelerated if β > 2µ
and ould solve the oinidene problem sine Ωc ∝ Ωφ; it has been disussed in detail in Amendola & Tohini-
Valentini (2001, 2002). The other aelerated attrator ours when µ < (−β +
√
18 + β2)/2: in this ase there are
no traking solutions and the global attrator redues to x = 0, y = 1 as for N 6= 1. These solutions have already been
ompared to CMB for N = 1 in Amendola (2001). The inlusion of the baryons modies the onsiderations above
but, as long as they are muh smaller than the other omponents, the qualitative behavior of the system remains the
same. It is to be notied that the nal attrator, on whih the dark energy dominates ompletely the osmi uid, is
yet to be reahed, and therefore the existene of an aelerated epoh at the present depends mostly on the traking.
4The existene of the φMDE saddle and of the traking solutions is ruial for our analysis. In fat, these two
epohs guarantee that the equation of state of the salar eld is piee-wise onstant through essentially all the post-
equivalene epoh. In the φMDE phase the eetive parameter of state we = ptot/ρtot + 1 and the eld equation of
state wφ = pφ/ρφ + 1 are
we = 1 +
4
9
β2, wφ = 2 (14)
while during the traking phase
we ≈ 1, wφ ≈ 2
1 + p2
=
1
2N − 1 (15)
(the last relation is approximated and it is atually only an upper bound to the present wφ; it is more preise if wφ is
identied with the average equation of state after φMDE rather than the present equation of state). Therefore, the
osmi evolution depends on β alone during the φMDE, and on N alone during the traking. Sine the position of
the aousti peaks is related to the equation of state through the angular diameter distane, it appears that the CMB
is able to put diret onstraints on both β and N . In Fig. 1 we show a typial trajetory that presents in sequene
the three epohs disussed above.
There is however a ruial dierene between the φMDE and a traking for what onerns here: while the present
dark energy equation of state, set by the traking, is degenerated with h for as onerns the CMB spetrum (see
e.g. Huey et al. 1999; Bean & Melhiorri 2002), the equation of state during the φMDE is not. In fat, the angular
diameter distane to the last sattering surfae dA is degenerate along lines h(wφ) for whih
dA ∼
∫ 1
adec
da
[
ωca+ (h
2 − ωc)a4−3wφ
]−1/2
= const (16)
where ωc ≡ Ωch2 (although this is exat only for β = 0 it remains a good approximation even for small non-zero
values). Assuming a strong prior on h a peak emerges in the likelihood for N but then the result is learly prior-
dependent. The same holds true for models in whih the equation of state is slowly varying (see e.g. Huey et al.
1999, Doran et al. 2001). On the other hand, the fat that Ωφ 6= 0 at deoupling in oupled models implies that the
eets of the oupling on the CMB are not due solely to the angular diameter distane, and therefore the geometri
degeneray an be broken. This is shown in Fig. 2 in whih Cℓ spetra for various values of β (all other parameters
being equal) are shown: the spetra hange both in amplitude and in peak's position.
IV. CMB CONSTRAINTS
Our theoretial model depends on three salar eld parameters and four osmologial parameters:
β, µ,N, ns, h, ωb, ωc (17)
where ωb = Ωbh
2
and ωc = Ωch
2
. We alulate the Cℓ spetra by a modied CMBFAST (Seljak & Zaldarriaga 1996)
ode that inludes the full set of oupled perturbation equations (see Amendola 2000 and Amendola & Tohini-
Valentini 2001). The other parameters are set as follows: Tcmb = 2.726K, YHe = 0.24, Nν = 3.04, τc = 0. In the
analysis of Nettereld et al. (2002) τc, the optial depth to Thomson sattering, was also inluded in the general
likelihood but, in the at ase, was found to be ompatible with zero and to have only a minor eet on the other
parameters. We did not inlude the ross-orrelation between bandpowers and pointing and beam orretions beause
they are not available for all the experiments; we adopted a pure log-normal likelihood. We used as dataset the COBE
data analyzed in Bond et al. (2000), and the high resolution data of Boomerang (Nettereld et al. 2002), Maxima
(Lee et al. 2002), and DASI (Halverson et al. 2002). The overall amplitude and the alibration errors of Boomerang
(10%) and of Maxima and DASI (4%) have been integrated out analytially. The theoretial spetra have been binned
as the experimental ones.
In Amendola (2001) we have shown that the dynamis of the system is insensitive to the sign of β, sine φMDE,
traking and the nal aelerated epoh do not depend on it. We will onsider only β ≥ 0.
The traking trajetories are seleted for eah N, β by xing the initial onditions on x, y, and then varying µ until
the present values of h, ωb, ωc are found. Therefore, the parameter µ is not a free parameter, but is xed in funtion
of the others. In fat, if there is traking, all trajetories with equal N, β, h, ωb, ωc always had the same equation of
state and matter densities, and therefore generate a similar CMB spetrum, so that it is suient to selet one of
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Figure 1: Numerial solutions of the system (8) for N = 2, β = 0.1, ωc = 0.1, ωb = 0.02, h = 0.65 plotted against the redshift.
Upper panel. Long dashed line: radiation; short dashed line: CDM; unbroken thin line: baryons; unbroken thik line: salar
eld; dotted line: salar eld potential energy. The horizontal thin line marks the kineti energy density of φMDE, reahed
just after equivalene. Lower panel. Thik line: eetive equation of state; thin line: dark energy equation of state. The labels
mark the φMDE, the traking (T) and the nal attrator (A).
them. There are in general initial onditions that do not lead to traking (but still undergo φMDE). These will be
disussed in another work.
In order to ompare with the previous analyses we assume uniform priors with the parameters onned in the range
β ∈ (0, 0.3), N ∈ (1, 8.5), ns ∈ (0.7, 1.3), h ∈ (0.45, 0.9), ωb ∈ (0.005, 0.05), ωc ∈ (0.01, 0.3) . The same age
onstraints (> 10 Gyr) used in most previous analyses is adopted here. A grid of ∼ 10, 000 multipole CMB spetra
Cℓ is used as a database over whih we interpolate to produe the likelihood funtion. Notie that we annot use
here the resaling of the high-ℓ spetra adopted in Bean & Melhiorri (2002) to speed up alulations, due to the
non-vanishing salar eld energy density during the φMDE.
V. LIKELIHOOD RESULTS
In Fig. 3 we show the likelihood urves for N, h marginalizing over the remaining parameters. The ontours of the
likelihood plot follow the expeted degeneray of the angular diameter distane. The likelihood is almost degenerated
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Figure 2: CMB spetra for inreasing values of the oupling onstant (the other parameters are N = 1.5, h = 0.65, ωb =
0.01, ωc = 0.1). Notie that the peaks not only move to the right but also hange in height.
along the dotted urve
h = 0.94− 0.56wφ + 0.03w2φ (18)
In the plot we also show the expeted degeneray urve from Eq. (16) assuming ωc = 0.1. The residual deviation from
the expeted degeneray line is due to the age prior (>10 Gyr) that favors small h values. Notie that for h > 0.75
no upper limit to N an be given with the urrent CMB data no matter how preise h is, and that only assuming
h < 0.65 it beomes possible to exlude at 95% .l. the pure osmologial onstant. In Fig. 4 we show the likelihood
for all parameters, marginalizing in turn over the others. Notie that the likelihood for N attens for N > 1.2. We
nd the following onstraints at 95% .l.:
N > 1.5, β < 0.16 (19)
(the limit on N orresponds to α < 2). The limit on N is however only a formal one: the likelihood never vanishes
in the denition domain and even N = 1 (the exponential potential) is only a fator of ve less likely than the peak
and ertainly annot be exluded on this basis. Moreover, the lower bound on N is prior-dependent: allowing smaller
values of h it would weaken. Clearly, if we adopt narrow priors on h, we an indeed obtain more stringent bounds on
N , as shown in the same Fig. 4. In ontrast, the onstraint on β does not depend sensibly on the prior on h and the
likelihood for β does vanish at large β. In plae of N and β we an use as well the equation of state during traking
and during φMDE, respetively, as likelihood variables, using Eqs. (14) and (15). Then we obtain at the 95% .l.
wφ(tracking) < 0.8, 1 < we(φMDE) < 1.01 (20)
This shows that the eetive equation of state during φMDE, i.e. between equivalene and traking, is lose to unity
(as in a pure matter dominated epoh) to within one per ent. The striking dierene between the level of the two
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Figure 3: Likelihood ontour plots in the spae N,h marginalizing over the other parameters at the 68,90 and 95% .l.. The
white thik lines refer to the oupled ase, the blak urves to the unoupled ase. The dotted line is the likelihood degeneray
urve, the dashed line is the expeted degeneray urve. Notie that only xing h smaller than 0.65 it would be possible to
exlude the osmologial onstant at 95% .l..
onstraints in (20) well illustrates the main point of this paper: the CMB is muh more sensitive to the dark energy
oupling than to its potential.
The other parameters are (we give here for simpliity the mean and the one sigma error, while the limit is at the
95% .l.)
ns = 0.99± 0.05, ωb = 0.023± 0.004, ωc = 0.092± 0.02, h > 0.62 (21)
The total dark energy density turns out to be Ωφ > 0.60 (95% .l.). It appears that the limits on the osmologial
parameters ns,ωb, ωc are almost independent of β, while a non-zero β favors higher h (Fig. 4, panel d). It is interesting
to ompare with the urrent onstraints from the Hubble diagram of the supernovae Ia, where one obtains quite a
stronger bound on the equation of state, wφ < 0.4 or N > 1.75 at the same .l..
Finally, in Fig. 4 (panel b) we plot the likelihood for β that an experiment with no alibration unertainty and
limited only by osmi variane, like the Plank mission (de Zotti et al. 1999), an ahieve. We nd β < 0.05 (95%
.l.) (using the speiations of the MAP satellite we nd β < 0.1).
VI. CONCLUSIONS
The main result of this paper is that CMB observations are a powerful gravitational probe able to onstrain
salar gravity. In fat, a dark matter-dark energy interation would obviously esape any loal gravity experiment:
osmologial observations like the CMB are then the only way to observe suh a phenomenon. Sine observations
require the baryons to be deoupled from dark energy (or oupled muh more weakly than dark matter), the searh
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Figure 4: Marginalized likelihood for traking trajetories. The equation of state in panel a is wφ = 1/(2N − 1). In panels a
and b we plot as a dotted line the likelihood assuming h = 0.65 ± 0.05 and as dashed line h = 0.75± 0.05 (gaussian prior). In
panel b the long-dashed line is the Plank-like likelihood. In panel d the long-dashed line is for β = 0.
for a non-zero β is in fat also a test of the equivalene priniple. We found that urrent CMB data are apable to
put an interesting upper bound to the dark matter - dark energy oupling:
β < 0.16
(95% .l.) regardless of the potential (within the lass we onsidered). This implies that the salar gravity is at least
1/β2 ≈ 40 times weaker than ordinary tensor gravity. As shown in Amendola (1999), the limit on β an be restated
as a limit on the onstant ξ of the non-minimally oupled gravity, ξ < 0.017. An experiment like the Plank mission
an lower the upper bound to β to 0.05: salar gravity would be in this ase at least 400 times weaker than ordinary
tensor gravity. This limit is omparable to those that loal gravity experiments impose on the salar gravity oupling
to baryons, β2baryons < 10
−3
(see e.g. Groom et al. 2000).
In ontrast, CMB data, on their own, annot put any rm limit to the dark energy potential, unless a narrow prior
on h is adopted: e.g. h = 0.65 ± 0.05 gives wφ = 0.55 ± 0.2 while h = 0.75 ± 0.05 gives wφ = 0.35 ± 0.2 (assuming
gaussian priors and marginalizing as usual over all the other parameters, inluding the oupling).
In a subsequent work we will onsider also the trajetories that do not undergo traking: in this ase the eld
φ is frozen until reently, and the trajetories are indistinguishable from a pure osmologial onstant, exept for
the existene of a φMDE if β 6= 0. As expeted, we will show that even for o-traking trajetories the CMB data
onstrain β but not the potential. This shows that the onstraint on β is independent both of the potential and of
the initial onditions.
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